The abundance of the QCD axion is known to be suppressed if the Hubble parameter during inflation, H inf , is lower than the QCD scale, and if the inflation lasts sufficiently long. We show that the tight upper bound on the inflation scale can be significantly relaxed if the eternal old inflation is driven by the standard-model Higgs field trapped in a false vacuum at large field values. Specifically, H inf can be larger than 100 GeV if the false vacuum is located above the intermediate scale. We also discuss the slow-roll inflation after the tunneling from the false vacuum to the electroweak vacuum.
Introduction
The Peccei-Quinn (PQ) mechanism is the most plausible solution to the strong CP problem [1, 2] . It predicts the QCD axion, a pseudo Nambu-Goldstone boson, which arises as a consequence of the spontaneous breakdown of the global U(1) PQ symmetry [3, 4] .
The QCD axion, a, is coupled to the standard model (SM) QCD as
where f a is the decay constant, g 3 the strong gauge coupling, F α µν the gluon field strength, andF µν α its dual. The global U(1) PQ symmetry is explicitly broken by non-perturbative effects of QCD through the above coupling. If there is no other explicit breaking, the axion acquires a mass m a (T ) 2 
where χ(T ) is the topological susceptibility. At T Λ QCD O(100) MeV, the topological susceptibility χ(T ) is vanishingly small, and so, the axion is almost massless. χ(T ) grows as the temperature decreases, and it approaches a constant value χ 0 at T Λ QCD . The detailed temperature dependence of χ(T ) was studied by using the lattice QCD [5] [6] [7] [8] [9] [10] . When the axion mass becomes comparable to the Hubble parameter, the axion starts to oscillate around the potential minimum with an initial amplitude a * . The oscillation amplitude decreases due to the subsequent cosmic expansion, and thus the effective strong CP phase is dynamically suppressed.
In the PQ mechanism some amount of coherent oscillations of the axion is necessarily produced by the misalignment mechanism [11] [12] [13] , and those axions contribute to dark matter. If the initial misalignment angle, θ * = a * /f a , is of order unity, the observed dark matter abundance sets the upper bound of the so-called classical axion window, 10 8 GeV f a 10 12 GeV,
where the lower bound is due to the neutrino burst duration of SN1987A [14-17] 1 or the cooling neutron star [19] . For instance, if the axion decay constant is of order the GUT scale or the string scale, i.e., f a = 10 16−17 GeV, the axion abundance exceeds the observed dark matter abundance by many orders of magnitude. Therefore, for such large values of f a , the initial misalignment angle θ * must be fine-tuned to be of order 10 −3 .
There are several ways to relax the upper bound of the classical axion window. The axion abundance can be suppressed by late-time entropy production [13, [20] [21] [22] [23] , the Witten effect [24] [25] [26] [27] , resonant conversion of the QCD axion into a lighter axion-like particle [28] [29] [30] [31] , tachyonic production of hidden photons [32, 33] , dynamical relaxation [34] using the stronger QCD during inflation [35] [36] [37] [38] , and the anthropic selection of the small initial oscillation amplitude [39] [40] [41] , etc.
Recently, it was proposed in Refs. [42, 43] (including two of the present authors, FT and WY) that the axion overproduction problem can be ameliorated if the Hubble parameter during inflation, H inf , is lower than the QCD scale, and if the inflation lasts long enough. The reason is as follows. First, the axion potential is already generated during inflation if the Gibbons-Hawking temperature, T inf = H inf /2π [44] , is below the QCD scale. Then, even though the axion mass is much smaller than the Hubble parameter, the axion field distribution reaches equilibrium after sufficiently long inflation when the quantum diffusion is balanced by the classical motion. The distribution is called the Bunch-Davies (BD) distribution [45] . If there are no light degrees of freedom which changes the strong CP phase (modulo 2π) during and after inflation, the BD distribution is peaked at the CP conserving point [43, 46] . 2 The variance of the BD distribution, a 2 , is determined by H inf and the axion mass, and it can be much smaller than the decay constant f a for sufficiently small H inf . Thus, one can realize |θ * | 1, which relaxes the upper bound of the classical axion window. 3 So far we assume that the QCD scale during inflation is the same as in the present vacuum. However, this may not be the case. For instance, the Higgs field may take large field values in the early universe. It is well known that the SM Higgs potential allows another minimum at a large field value. It depends on the precise value of the top quark mass whether the other minimum is lower or higher than the electroweak vacuum [53] . It is also possible that the Higgs potential is uplifted by some new physics effects. If the Higgs field has a vacuum expectation value (VEV) much larger than the weak scale in the early universe, the renormalization group evolution of the strong coupling constant is modified due to the heavier quark masses, and the effective QCD scale becomes much larger than Λ QCD .
In this paper, we revisit the axion with the BD distribution, focusing on a possibility that the effective QCD scale during inflation is higher than the present value due to a larger 2 If the QCD axion has a mass mixing with a heavy axion whose dynamics induces a phase shift of π.
one can dynamically realize a hilltop initial condition, θ * π [47] . See also Ref. [48] for realizing the hilltop initial condition in a supersymmetric set-up. 3 The cosmological moduli problem of string axions can also be relaxed in a similar fashion [46] . See also
Refs. [49] [50] [51] [52] for related topics.
expectation value of the SM Higgs field. Our scenario is as follows. We assume that the Higgs is initially trapped in a false vacuum located at large field values where the eternal old inflation takes place. After exponentially long inflation, the Higgs tunnels into the electroweak vacuum through the bubble nucleation. We assume that the slow-roll inflation follows the quantum tunneling so that our observable universe is contained in the single bubble. What is interesting is that the axion acquires a relatively heavy mass due to the enhanced QCD scale and reaches the BD distribution during the old inflation. As we shall see later, the effective QCD scale can be as high as O(10 5 ) GeV in the minimal extension of the SM. Thus, the upper bound on the inflation scale as well as the required e-folding number can be greatly relaxed. The possibility of a larger Higgs VEV was discussed in different contexts and set-ups. For instance, in a supersymmetric extension of the SM, there are flat directions containing the Higgs field, and some of which may take a large VEV during inflation [34] [35] [36] [37] [38] 54] . In this case, the axion field can be so heavy that it is stabilized at the minimum during the inflation, where we assume that the axion starts to oscillate during the radiation-dominated era and there is no extra entropy production afterwards. One can see from the above equation that f a cannot be larger than about 10 12 GeV for θ * ∼ 1, since otherwise the axion abundance would exceed the observed dark matter abundance, Ω DM h 2 0.12 [61] . Thus, one needs |θ * | O(1) for f a 10 12 GeV. If all values of −π ≤ θ * < π are equally likely, such an initial condition requires a fine-tuning. As we shall see below, however, this is not necessarily the case if the inflation scale is lower than the QCD scale.
During inflation one can define the Gibbons-Hawking temperature, T inf = H inf /2π [44] , associated with the horizon. Let us suppose that the temperature is close to or smaller than the QCD scale so that the QCD axion acquires a small but nonzero mass, m a,inf . If the Higgs VEV is same as in the present vacuum, one can estimate it by m a,inf m a (T inf ). 4 In the following we assume that m a,inf is much smaller than H inf . As we are interested in the relatively large f a and small θ * , we can approximate the potential as the quadratic one,
Then, after a sufficiently large number of e-folds, N N eq ≡ H 2 inf /m 2 a,inf , the classical motion and the quantum diffusion are balanced, leading to the BD distribution peaked at the potential minimum. The typical value of the misalignment angle is then given by the variance of the BD distribution [42, 43] ,
Thus, |θ * | is naturally much smaller than unity if H inf m a,inf f a . It is assumed here that the minimum of the axion potential does not change (modulo 2πf a ) during and after the inflation [43] . For instance, in the case that the Higgs VEV is at the weak scale, the axion window is open up to f a ∼ 10 16 GeV for H inf ∼ 10 MeV.
An even more interesting possibility is that the QCD scale is larger during inflation. In this case the axion mass at the very beginning of the universe was heavier than the current one, and the upper bound on H inf to suppress the axion abundance is relaxed. As we shall see in the next section, this possibility can be realized if the Higgs field trapped in a false vacuum drives the eternal old inflation.
False Vacuum Higgs inflation
In the present universe the SM Higgs develops a nonzero VEV of v EW 246 GeV, which spontaneously breaks the electroweak symmetry. Let us express the Higgs doublet φ as
where h is the Higgs boson. In the very early universe, the Higgs may be trapped in a false vacuum at v false v EW . If its potential energy dominates the universe, it drives the eternal old inflation. The false vacuum subsequently decays into the electroweak vacuum through quantum tunneling, and an open bubble universe is nucleated. We assume that, inside the bubble, another scalar field drives the slow-roll inflation and decays into the SM particles for successful reheating. Then, our observable universe is well contained in the single bubble. We will provide such an inflation model later in this paper.
When the Higgs is trapped in the false vacuum, the SM quarks acquire heavier masses than in the electroweak vacuum, and so, the effective QCD scale is enhanced. If the old inflation lasts sufficiently long, the initial misalignment angle can be naturally suppressed by the BD distribution as we have seen before. In the following, we discuss the above scenario in detail. For simplicity, we assume that the QCD axion is a string axion or a KSVZ-type axion [62, 63] , where the axion decay constant (or the PQ breaking scale) does not change during and after inflation.
A false vacuum in the Higgs potential
The quartic coupling of the Higgs field receives negative contributions from the top quark loops. For the pole mass of the top quark in the range of 171 GeV M t 176 GeV, the SM Higgs potential reaches a turning point at 10 8 GeV Λ max M pl [64, 65] , where M pl 2.4 × 10 18 GeV is the reduced Planck mass. Above the turning point the potential starts to decrease and may become negative, implying that the electroweak vacuum is metastable. The lifetime of the electroweak vacuum is much longer than the present age of the universe [66, 67] , but it is under discussion whether it is stable enough in the presence of small black holes [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] or compact objects without horizon [80] .
Broadly speaking, there are two ways to make the electroweak vacuum absolutely stable. If the top quark pole mass is given by M t 171 GeV, the potential has two vacua; one is at h = v EW , and the other at h M pl . For a certain value of the top quark mass, it is even possible to make the two vacua almost degenerate, which is known as the multiple point criticality [53] . This is the minimal possibility because no new physics is necessary, although the required top quark mass is not favored by the current measurements, M t = 172.9 ± 0.4 GeV [81] . The other possibility is that the Higgs potential is uplifted at scales above Λ max by some new physics. As we shall see below, one can indeed stabilize the electroweak vacuum by introducing extra heavy particles coupled to the Higgs field. In either case, if the Higgs field is trapped in the false vacuum at large scales, the eternal old inflation occurs.
Here let us see that one can stabilize the electroweak vacuum by introducing an extra real scalar field S. We consider the following potential for S,
where we have imposed a Z 2 parity on S and the dots represent higher order terms suppressed by a large cutoff scale. For m 2 S > 0, λ S > 0, and λ P > 0, S is stabilized at the origin. We assume that S is so heavy that the SM is reproduced in the low energy limit. By integrating out S, the effective Higgs potential at large scales can be well approximated by the quartic term,
where λ eff (h) is the effective Higgs self-coupling, and at one-loop level it is approximately given by
Here we have neglected the SM contributions other than the top Yukawa coupling. The first term is the quartic coupling at the renormalization scale µ RG , the second term is the dominant radiative correction from the top quark loop, and ∆ NP λ denotes the contribution of the extra scalar S. Due to the minus sign of the second term, the top quark contribution tends to push the quartic coupling toward negative values. The scalar contribution can be estimated as
where we have taken λ to be zero in the loop function as it is sub-dominant around the scale Λ max . (See e.g. Ref. [82] for the derivation.) In the logarithm we introduce the renormalization scale in such a way that the one-loop renormalization group equation of λ for both µ RG < m S and µ RG > m S can be derived by ∂V eff /∂µ RG = 0. The last term in Eq. (12) is the finite term contribution which guarantees the almost vanishing Higgs mass at v EW µ RG m S . One can see from Eqs. (11) and (12) 
We show in Fig. 1 the effective potential for the Higgs where we have chosen λ = 0, y t = 0.6, λ S = 0.8, and m S = 10 11 GeV at µ RG = 10 10 GeV. In this case the false vacuum is located at v false 7.8 × 10 10 GeV. 5 Thus, one can indeed uplift the Higgs potential at high scales so that there exists a false vacuum at v false Λ max .
If the Higgs field is trapped in the false vacuum, the eternal old inflation takes place with the Hubble parameter,
We can put an upper bound on H inf as a function of v false as follows. Since the Higgs potential reaches the turning point due to the top quark contributions, the value of the Figure 1 : The effective potential for Higgs in the presence of a coupling with a singlet scalar S (red solid line). We take λ = 0, y t = 0.6, λ P = 0.8, and m S = 10 11 GeV at µ RG = 10 10 GeV, and the false vacuum is located at v false 7.8 × 10 10 GeV. For comparison, the potential in the SM is also shown (gray dashed line).
potential maximum is roughly given by
for
Since the false vacuum should have a lower energy than V max , we obtain
This gives an upper bound on the inflationary scale which can be realized using Higgs false vacuum.
In the rest of this section we will see that the axion abundance also gives an upper limit to the inflationary scale. Specifically we will see that the QCD axion can explain dark matter even for f a as large as the Planck scale when v false 10 11 GeV. When v false 10 11 GeV, on the other hand, the bound (15) becomes stronger than that from the axion abundance with f a M pl . This implies that the QCD axion can only contribute to a fraction of the dark matter. In this region the QCD axion window is open to M pl . One needs to introduce another sector that contributes to the Hubble parameter to saturate the upper limit and explain the QCD axion dark matter. 6 
The effective QCD scale
The effective QCD scale during the eternal old inflation gets enhanced due to heavier quark masses. To see this we solve the one-loop renormalization group equation for the strong gauge coupling,
where m i denotes the SM quark masses, i runs over the quark flavor, and Θ is the Heaviside step function. First we fix the initial value of the strong gauge coupling at some high-energy scales within the SM. To be concrete we adopt g 3 (M pl ) = g pl 3 0.5 at the Planck scale as the boundary condition. Then we solve the renormalization group equation toward lower scales, and define the effective QCD scale Λ eff QCD (v false ) by the renormalization scale µ RG where g 2 3 becomes equal to 4π. 7 We show the numerical result of Λ eff QCD (v false ) in Fig. 2 . For v false > 10 6 GeV, it can be fitted by
where all the SM quarks are already decoupled at the Λ eff QCD (v false ) for the parameters of our interest.
The QCD axion window opened wider
Here let us estimate how much the QCD axion window is relaxed if the eternal old inflation takes place in the Higgs false vacuum. We will come back to the issue of the decay rate of the false vacuum in the next section, and here we simply assume that the inflation lasts sufficiently long so that the probability distribution of the QCD axion reaches the BD distribution.
As we have seen before, the QCD axion acquires a small but nonzero mass if the inflation
. This is naturally realized if v false 10 11−12 GeV due to Eqs. (15) and (17). For v false 10 11 GeV, on the other hand, the two vacua must be almost degenerate in energy. Then, the axion mass during the eternal old inflation can be well approximated by
We substitute this mass into Eq. (7) to evaluate the typical initial misalignment angle. Let us recall that the axion window (3) was obtained by assuming the initial misalignment angle θ * of order unity. Now θ * is given by a function of H inf and v false (cf. Eqs. (7) and (18)), and in particular, it can be much smaller than unity for sufficiently small H inf . Thus, the axion window can be expressed by the upper bound on H inf for a given v false and f a . We show in Fig. 3 (15) is stronger than that from the axion abundance, and one needs another inflation sector to saturate the bound. The orange line approximately corresponds to the top quark mass ∼ 176 GeV. The case of v false < 10 8 GeV may also be possible in a more involved extension of the SM. One can see that, depending on v false , the upper bound on H inf is significantly relaxed compared to the SM shown by the blue line (the bottom one). Specifically, H inf can be larger than ∼ 10 GeV for v false 10 11 GeV and 10 12 GeV f a 10 18 GeV.
False vacuum decay and slow-roll inflation
The false vacuum of the Higgs field is unstable and decays into the electroweak vacuum through the bubble nucleation. Let us denote by Γ/V the tunneling probability per unit time per unit volume. Then, the effective decay rate per the Hubble volume,
H inf , the inflation is eternal in a sense that in the whole universe there are always regions that continue to inflate [83] [84] [85] [86] [87] [88] (see also [89] [90] [91] ). One can easily see this by noting that the physical volume of the inflating regions increases by a factor of
over a time ∆t. Therefore, in this case, the bubble formation is so rare that it cannot terminate the inflation as a whole; some fraction of the entire universe continues to inflate. It is important to note, however, that a typical e-folding number that a randomly picked observer experiences is not infinite, but finite (though exponentially large). Essentially, the universe at a later time is simply dominated by those regions where inflation continues, and in this sense, the eternity of eternal inflation relies on the volume measure [89, [92] [93] [94] . 8 Here we show that the typical e-folds the universe experiences before the tunneling, N dec , is so large that the BD distribution of the QCD axion is reached. Specifically, we will show
where N eq = H 2 inf /m 2 a, inf as defined below Eq. (6). Using (17) and (18) 
If this condition is met, irrespective of whether the volume measure is adopted, our observable universe must have experienced a sufficiently long inflation in the past so that the initial axion field value obeys the BD distribution.
Thin-wall approximation (10 11
GeV v false M pl )
First, we consider the case of 10 11 GeV v false M pl . In this case, the false vacuum must be almost degenerate with the true vacuum. This is because, as can be seen in Fig. 3 , the Hubble parameter of the false vacuum Higgs inflation, H inf , is bounded above by the QCD axion abundance, and it is much smaller than H max when v false 10 11 GeV (see Eq. (15) for the definition of H max ). In the following we use a thin-wall approximation to estimate the vacuum decay rate. Later we will check the validity of the thin-wall approximation.
The false vacuum decay including gravitational effects was studied by Coleman and De Luccia [96] (CDL hereafter). We consider a thin-wall approximation for the CDL bubble nucleation assuming that the dominant bounce solution possesses an O(4) symmetry. In the semiclassical approximation, the CDL tunneling rate per unit time per volume is given in the following form,
where higher order corrections are suppressed by the Planck constant. Here the prefactor A has mass dimension four, and B is the difference between the Euclidean actions for the bounce solution and the false vacuum one. For precise determination of A, one needs to calculate the one-loop fluctuations around the bounce solution. The value of A for the standard-model Higgs potential was calculated in Ref. [97] . In the presence of gravity, the calculations of A is hampered by e.g. gravitational fluctuations and renormalization of the graviton loops (see Refs. [98] [99] [100] [101] [102] [103] for the details).
Here we simply assume that A is of order R −4 b on dimensional grounds, where R b is the physical size of the bubble at the nucleation.
In the absence of gravity, B is given by
where we have added a subscript of 0 to indicate that it does not include the effect of gravity, ρ is the radial coordinate in the Euclidean spacetime, and we have used the fact that the dominant bounce solution possesses an O(4) symmetry. Here h sol (ρ) is the O(4) symmetric bounce solution satisfying the Euclidean equation of motion,
with the boundary conditions, dh/dρ| ρ→0 = 0 and h ρ→∞ = v false . In the thin-wall approximation, one can estimate B 0 in a closed form [104] ,
where σ is the tension of the bubble wall,
and is the energy difference between the two vacua,
In our case of the Higgs potential, they are given by
where ζ is a constant of O(10 −2 ), and we have used the fact that the cosmological constant in the present vacuum is vanishingly small in Eq. (29) .
In the presence of gravity, the bounce action receives gravitational corrections [96] . Here we are interested in the case of the tunneling from the false vacuum dS to the true vacuum dS or Minkowski. In this case, the gravity effect suppresses B and makes the bubble nucleation more likely. This is because the cosmic expansion assists the bubble to expand after the nucleation. As the bounce solution deviates from the thin-wall approximation, the Gibbons-Hawking radiation induces upward fluctuations which also makes the bubble formation more likely [105] . Under the thin-wall approximation, a general form of the bounce action is given by [107] 
with r(x, y) = 2 1 + xy − 1 + 2xy + x 2
where the critical tension σ c is defined by
In our scenario both x and y are positive, and in particular, y > 1. While x is always positive, y can be negative in a more general case. The above bounce solution can be broadly classified into the two regimes, x < 1 or x > 1. The weak gravity limit is contained in the former case, while the gravitational effect is very important in the latter case. Note that the expression of B is the same for both cases. The bounce solutions corresponding to x < 1 and x > 1 are often called type A and type B bounces, respectively [105, 106] .
In the limit of V eff (v EW ) → 0, i.e., y → 1, the above expression of B is reduced to the original formula of CDL [96] ,
In this limit, one can clearly see that the gravitational effect becomes relevant when σ > σ c (i.e. x > 1), while it is only a minor effect otherwise. In terms of our model parameters, we can rewrite the condition x > 1 as follows,
where v c denotes the critical value of v false . So, the gravitational effect becomes relevant as v false increases. Now we are ready to estimate B. Let us fix the inflation scale H inf to some value (e.g. H inf = 10 GeV) for simplicity, and vary v false . 9 For v false v c , the gravitational effect is negligible, and B increases in proportion to v 12 false . For v false v c , on the other hand, B becomes independent of v false . Thus, B takes the smallest value at the smallest possible v false . In other words, the vacuum decay rate is the largest at the smallest v false in this regime where the thin-wall approximation is applicable. 10 Using (30), (28) , and (29), we obtain
Therefore, in the case of 10 11 GeV v false M pl , B is so large that the vacuum decay rate is exponentially suppressed, and the condition (21) is trivially satisfied.
Non-degenerate vacua (v false ∼ 10 11 GeV)
In the case of v false ∼ 10 11 GeV, one can see from Fig. 3 that H inf can be as large as O(10 2 ) GeV, which is comparable to H max defined by the height of the potential barrier. If the upper bound on H inf is saturated, the thin-wall approximation is not applicable, and a dedicated analysis is needed.
Let us make an order of magnitude estimate of B and the decay rate. The bubble size R b can be roughly estimated as follows. The first term in (23) is of order v 2 false /R 2 b , while the second term is of order V max since we assume that the two vacua are not degenerate. By balancing the two terms, we get,
Since the integral of (23) is essentially cut off around the size of the bounce solution,
where we have used (14) . Using A ∼ R −4 b , we arrive at Γ V 10 −10 4 v false 10 11 GeV 4 GeV 4 (40) for which (21) is well satisfied. We have numerically solved the equation of motion and obtained the bounce solution for the potential shown in Fig. 1 . The bounce solution v false − h sol is shown in Fig. 4 as a function of ρ. We have calculated B for this solution and obtained
which agrees well the above naïve estimate, justifying our conclusion.
Thick-wall regime (v false ∼ M pl )
When v false approaches the Planck mass, the potential becomes relatively flat near the maximum. Then, the Higgs stays mostly around the potential maximum in the bounce solution, and the thin-wall approximation breaks down. Such a bounce solution can be interpreted as a combination of thermal fluctuations and the subsequent quantum tunneling [105] . In particular, when v false ∼ M pl , the Hubble horizon in the wall, H −1 dw , becomes comparable to the wall width, and the bounce is approximately given by the Hawking-Moss (HM) solution [108] . Once such a domain is formed, it will start to expand exponentially, and the topological Higgs inflation begins [55] (see Refs. [109, 110] for the original topological inflation). Figure 4 : Numerical result of the bounce solution by varying ρ. The potential is given in Fig. 1 .
To see this, let us again fix H inf and increase v false , in other words, we increase x while y is fixed. In the limit of x 1, the r-function in (31) approaches r(x, y) 2 x 2 (y + 1) (x 1).
When we also take y ≈ 1, the corresponding bounce action reads,
which coincides with the HM instanton [108] . We note that the thin-wall approximation actually breaks down in this limit. Nevertheless it is assuring that the large x limit of B obtained in the thin-wall approximation reproduces the HM instanton, which lends support to the above picture. The topological Higgs inflation typically lasts only for a few e-folding number, because the potential curvature at the maximum is not very different from the Hubble parameter inside the domain. 11 Then, if the Higgs rolls down to the electroweak vacuum, the inflation ends and the cosmic expansion becomes decelerated. Since the initial configuration of the HM-like instanton does not necessarily possess the O(4) symmetry, the universe will be inhomogeneous unless another inflation starts immediately. Thus, the energy scale of the second inflation is considered to be of order 10 13 GeV. 12 Such high-scale inflation will generate quantum fluctuations of the QCD axion on top of the BD distribution. Thus, θ * will be dominated by the quantum fluctuations, but it is still smaller than unity thanks to the initial BD distribution. In this case, the QCD axion cannot be the dominant component of dark matter because of its too large isocurvature perturbations. However, it may still be the subdominant component of dark matter, which gives rise to a non-negligible amount of non-Gaussianity of the isocurvature perturbations [111] [112] [113] [114] . In the rest of this paper we are going to focus on the case of v false M pl .
Open bubble universe and the dynamics
In the case of v false M pl , the initial condition of the nucleated bubble is determined by the O(4) symmetric CDL tunneling solution, ds 2 = dξ 2 + ρ 2 (ξ)dΩ 2 S 3 , where dΩ 2 S 3 is the metric of S 3 and ξ is the radial coordinate. One can obtain the metric inside the bubble by an analytic continuation, the interior of the bubble looks like an infinite open universe for observers in the bubble [115, 116] . Infinitely many open bubble universes are created in the eternally inflating false vacuum. The open bubble universes are often discussed in the context of the string landscape [117] [118] [119] . Naively, such bubble universes would be almost empty with a small energy density, but it can be combined with the standard inflationary cosmology [120] . We will study the slow-roll inflation in the next section.
The created bubble universes might have some predictions such as distinct features of the primordial density perturbations [121] [122] [123] [124] [125] and the negative curvature K < 0. The latest Planck data combined with the lensing and BAO gives Ω K = 0.0007 ± 0.0019 (68% CL) [61] . Although the observation does not give a statistically significant preference to a nonzero negative spatial curvature, a possibility of the open bubble universe is not excluded yet.
Slow-roll inflation after the bubble nucleation
The slow-roll inflation is strongly supported by the observations of CMB and large-scale structure. The false vacuum Higgs inflation considered so far cannot explain the observed density perturbations, since the Higgs potential is not sufficiently flat to realize viable slowroll inflation in our scenario. Thus, we need another sector that drives slow-roll inflation after the tunneling event.
Let us introduce an inflaton, ϕ, with the following potential,
where λ ϕ is a positive coupling constant, m 0 the mass parameter, M the cutoff scale, and V 0 the energy density during inflation at ϕ ∼ 0. A supersymmetric version of the model was studied in Refs. [126] [127] [128] . The inflaton ϕ may be identified with the B−L Higgs [50, [129] [130] [131] [132] or an axion-like particle [47, 133, 134] . As we shall see shortly, λ ϕ is much smaller than unity. For the moment we assume that m 0 is negligibly small in the following, but it is straightforward to take its effect on the inflaton dynamics. In fact, when we couple ϕ to the Higgs field, we will introduce a nonzero mass to realize the slow-roll inflation. We briefly summarize here the known properties of the above inflation model. The minimum of V inf (ϕ) is located at
The potential V inf (ϕ) is very flat around the origin, and so, if ϕ is initially around the origin, the slow-roll inflation takes place. The CMB normalization fixes the quartic coupling λ ϕ , and the other parameters such as the inflation scale and the inflaton mass at the minimum are expressed in terms of ϕ min as [129] λ ϕ 5 × 10 −13 40
H inf,ϕ 10 −7 40 N *
m ϕ,min 10 −6 ϕ min 40 N *
where N * is the e-folding number at the horizon exit of the CMB scales. Since the inflation scale must be lower than that of the false vacuum Higgs inflation, N * cannot exceed 50. The spectral index is given by
which is too small to explain the observed value n s 0.965 ± 0.004 [61] . It is known however that the spectral index is extremely sensitive to the shape of the inflaton potential, and even a tiny deviation from the quartic potential can make it consistent with the observed value. 13 Here the main question is if we can realize the hilltop initial condition of ϕ after the bubble nucleation from the false vacuum Higgs. In the thin-wall approximation, the universe inside the bubble is almost empty and dominated by the (negative) curvature term. In this case one cannot make use of fine-temperature effects to set the value of ϕ near the origin. On the other hand, if ϕ has a coupling to the Ricci curvature with a coupling of order unity, it acquires a mass of order the Hubble parameter during the false vacuum Higgs inflation, and can be stabilized the origin. However, considering that ϕ ≈ 0 is only the local minimum during the false vacuum Higgs inflation, it is not certain if ϕ ≈ 0 is more likely than ϕ ≈ ϕ min . 14 Now let us introduce the following renormalizable coupling to Higgs field to make the origin of ϕ the global minimum during the false vacuum Higgs inflation,
where λ ϕh (> 0) is the coupling between ϕ and h. The basic picture is as follows. When the Higgs is in the false vacuum, ϕ acquires a large mass,
which is larger than H 2 inf unless λ ϕ is extremely small. In fact, if the mass is large enough, it makes the origin the global minimum along the ϕ direction for the fixed h = v false . After the tunneling, the Higgs field value becomes much smaller, and so does the mass of ϕ. Then, the slow-roll inflation starts along the ϕ direction with the potential given by (44) . In particular, since ϕ remains heavy except when the Higgs field really approaches the "true" vacuum, the previous argument on the bubble nucleation is considered to remain valid.
To ensure the above-mentioned dynamics, a couple of conditions must be met. First, we do not want to modify the Higgs potential significantly by introducing the above coupling. The location of the potential barrier and the false vacuum remain almost intact if
The potential energy at the false vacuum is still dominated by the Higgs contribution if
In general, one needs to slightly shift the parameters to uplift the false vacuum to have the same value of V eff (v false ), but this does not modify the previous argument on the bubble nucleation. In addition, the loop contribution of ϕ to the Higgs quartic coupling should be much smaller than that of the top quark. This amounts to λ ϕh y t . Secondly, the origin of ϕ is the global minimum in the ϕ-direction at h = v false if
Lastly, although we have required the locations of the potential maximum and the false vacuum along the Higgs direction remain almost unchanged, the location of the "true" vacuum is necessarily shifted to v true ∼ λ ϕ /λ eff (v true )ϕ min . This is because the Higgs acquires a negative mass from (50) if ϕ = 0. Thus, the mass of ϕ would remain positive even after the Higgs tunnels to v true . (see Eq. (50)). So, we introduce a nonzero mass m 0 in Eq. (44) to cancel this contribution so that the effective mass is negative and its absolute magnitude is still smaller than H inf,ϕ ∼ √ V 0 /M pl at h ≈ v true . Then, the slow-roll inflation starts along the ϕ direction, whose dynamics is well described by the hilltop quartic inflation model. Only when ϕ approaches ϕ min after the end of slow-roll inflation, the Higgs field approaches the electroweak vacuum.
The conditions (52), (53) , and (54) are summarized as
where we have used (14) and (46) . Unless λ ϕh is much smaller than unity, either the first or second term in the bracket gives the strongest condition on ϕ min . Therefore, it is indeed possible to satisfy the constraints once the energy scale of the slow-roll inflation is taken to be sufficiently low. The energy density of the slow-roll inflation can be as large as [10 11−12 GeV] 4 . The slow-roll inflation model is of the hilltop type, and one may wonder that eternal inflation may take place, which would erase the BD distribution established during the false vacuum Higgs inflation. In fact, if one does not adopt the volume measure, the typical efolding number is finite and is not so large, and the BD distribution established during the false vacuum Higgs inflation remains intact. We also note that a better fit to the observed spectral index is obtained if we add a tiny Z 2 breaking linear term in V inf [136] . The linear term shifts the location of the potential maximum of ϕ which effectively reduces the total e-folding number. In any case, the BD distribution is not modified during the slow-roll inflation.
The reheating is considered to proceed through the perturbative decays ϕ → hh (56) or with the parametric resonance and dissipation effects via the quartic coupling (50) . Depending on the size of the coupling, λ ϕh , the reheating can be instantaneous, in which case the reheating temperature can be as high as 10 11−12 GeV. Then, thermal leptogenesis [137] is possible. If ϕ is identified with the B−L Higgs boson, non-thermal leptogenesis may also take place as ϕ directly decays into right-handed neutrinos. Alternatively, by introducing the dimension five Majorana neutrino mass terms, the leptogenesis via active neutrino oscillation is also possible [138, 139] .
Discussion and Conclusions
So far we have focused on the possibility that the Higgs field is trapped in the false vacuum and drives the eternal old inflation. After the bubble formation, another scalar field ϕ drives the slow-roll inflation. There is another possibility that the Higgs field value is set to be larger than the present one due to the inflaton field ϕ. 15 In this case, ϕ drives both eternal (or extremely long) inflation and the subsequent slow-roll inflation that explains the observed primordial density perturbations ( see e.g. Ref. [95] ). As we have seen before, the Higgs acquires a negative mass from the potential like (50) during inflation where ϕ 0. Thus, the field value of h can be largely displaced from v EW during the inflation. Consequently, the QCD axion window can be similarly opened to large values of f a , if the inflation scale is lower than the enhanced effective QCD scale and the inflation lasts long enough. Interestingly, the inflaton ϕ may be identified with the singlet S that uplifts the Higgs potential. In this case, the false vacuum of the Higgs potential will disappear due to the radiative corrections of ϕ because the inflaton is light. This is the main difference from the scenario discussed after (9) . The abundance of the QCD axion depends on the initial misalignment angle θ * . For f a 10 12 GeV, one usually assumes θ * 1 to avoid the overproduction of the QCD axion. On the other hand, it was recently pointed out that θ * follows the BD distribution and therefore can be suppressed, if the Hubble parameter during inflation is comparable to or lower than the QCD scale, and if the inflation lasts sufficiently long. To this end, one often needs to introduce another sector for the very long inflation. In this paper we have pointed out that the false vacuum Higgs inflation can do the job. Furthermore, the effective QCD scale is enhanced because of the Higgs field value larger than the present value, which significantly relaxes the upper bound on the inflation scale. We have found that the Hubble parameter during inflation can be larger than 100 GeV if the Higgs false vacuum is above the intermediate scale. We have also shown that the typical e-folding number that the universe experiences before the bubble nucleation is so large that the BD distribution of the QCD axion is realized. After the tunneling event, another slow-roll inflation must follow to generate the primordial density perturbation and to make the universe filled with radiation instead of the negative curvature. In a simple model based on the hilltop quartic inflation, the hilltop initial condition can be naturally realized if the inflaton has a quartic coupling with the Higgs field. Alternatively, through the coupling, the inflaton may be able to uplift the Higgs potential to erase the false vacuum, and it keeps the Higgs field at large values during inflation. The latter provides another attractive scenario, which warrants further investigation.
